GLOBALIZATION OF TWISTED PARTIAL ACTIONS 



M. DOKUCHAEV, R. EXEL, AND J. J. SIMON 

Abstract. Let ^ be a unital ring which is a product of possibly infinitely many 
indecomposable rings. We establish a criteria for the existence of a globalization 
for a given twisted partial action of a group on A. If the globalization exists, it 
is unique up to a certain equivalence relation and, moreover, the crossed product 
corresponding to the twisted partial action is Morita equivalent to that corresponding 
to its globalization. For arbitrary unital rings the globalization problem is reduced 
to an extendibility property of the multipliers involved in the twisted partial action. 



1. Introduction 

The relationship between partial isomorphisms and global ones proved to be rele- 
vant in diverse areas of mathematics, such as operator theory, topology, logic, graph 
theory, differential geometry, group theory (with particular importance for geometrical 
and combinatorial group theories) and semigroup theory (see [20], [21]). Moreover, it 
naturally can be found as a significant feature even in the basics of Galois Theory of 
fields, or in that of inner product spaces in the form of Witt Lemma (see [21]). The 
latter was the origin to the term "Witt property", naming an important situation in 
which every partial isomorphism lies beneath a global one. Other remarkable related 
properties which reflect certain "globalization" phenomenons are the so-called "HNN- 
property" and that of "homogeneity" (see [21]). 

When a group G is given and a partial isomorphism of a structure is attached to 
each element of G such that the composition of partial isomorphisms respects the group 
operation, we speak about a partial action of G. The formal definition of this concept 
was given in [13], and the study of globalizations (also called enveloping actions) of 
partial group actions was initiated in the PhD Thesis of F. Abadie [1] (see also [2]) and 
independently by J. Kellendonk and M. Lawson in [20]. Further results on globaliza- 
tions of partial actions of groups were obtained in [22], [8], [16] and [11]. In particular, 
in [8] a criteria for the existence of a globalization for a partial group action on a unital 
ring was given, which was further generalized for partial group actions on left s-unital 
rings in [11], incorporating a new ingredient to the criteria, which is essential for the 
s-unital context. One should notice that the concept of a globalization of a partial 
action of a group on a ring A, as treated in [2], [8] and [11] (see also Definition 2.1 
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below), has a rigid condition that A is an ideal in the ring under the global action. 
This is imposed in the definition because of the way the restriction works: any global 
group action on a ring canonically restricts to a partial action on a two-sided ideal. 
However, it may happen that a given partial action restricts to a subring which is not 
an ideal, and dropping the considered restriction from the definition one comes to the 
so-called weak globalizations, on which interesting results have been obtained in [16]. 

Twisted partial actions of locally compact groups on C*-algebras were introduced in 
[12] serving the general construction of C*-crossed products. The power of the notion 
allows one to prove (see [12, Theorem 7.3]) that any second countable C*-algcbraic bun- 
dle with stable unit fiber can be obtained as a result of the construction. Its generality 
permits to characterize important classes of C*-algebras as C*-crossed products (see 
[15]). Twisted partial actions of groups on abstract rings and corresponding crossed 
products were introduced in [9], in which an algebraic analog of the above mentioned 
stabilization theorem was also proved. As a recent application of the construction, it 
was proved in [14], that given a field F with charF = and a subnormal subgroup 
H <i N <\ G, there is a twisted partial action of the factor group G/N on the group 
algebra F[N/H] such that the Hecke algebra 'H{G,H) is isomorphic to the partial 
crossed product F[N/H] * G/N. Separability, semisimplicity and Frobenius properties 
of crossed products by twisted partial actions were investigated in [4]. 

The globalization problem for partial actions on rings is essential for the further 
study of general crossed products and related topics, in particular, the above men- 
tioned result from [8] turned out to be useful in the Galois Theory of partial actions 
[10], in M. Ferrero's result [16], and in the series of recent preprints by D. Bagio, W. 
Cortes, M. Ferrero, J. Lazzarin, H. Marubayashi and A. Paques [3], [5], [6], [7], [17]. 
Thus a solution for the globalization problem for the twisted context seems to be rather 
desirable, which is our present purpose. 

Our paper is organized as follows. After giving some preliminaries in Section 2, 
we point out in Section 3 a Morita equivalence result with respect to the partial and 
global crossed products, which is an immediate consequence of the arguments given in 
[8] and [11]. In Section 4, we reduce the question of the existence of a globalization 
of a twisted partial action of a group on a unital ring to an extendability property of 
the multipliers involved. Next we pass to consider twisted partial actions on rings A 
which are (finite or infinite) products of indecomposable unital rings, first giving in 
Section 5 some preliminary facts on transitive twisted partial actions. In Section 6 we 
construct a more manageable twisted partial action, equivalent to the given one. The 
idea is borrowed from the corestriction map in Homological Algebra, which turns out 
to be adaptable to the non-commutative partial framework. In Section 7 we establish 
our main existence result whereas in Section 8 we prove that two globalizations of a 
given twisted partial action of a group on A arc equivalent in some natural sense from 
the homological point of view, provided that the rings under the global actions are 
unital. 
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2. Some preliminaries 

We remind the reader that the multipher ring of A4(A) of an associative non- 
necessarily unital ring A is the set 

M{A) = {{R,L) e EndU^) X End{AA) •■ {aR)b = a{Lh) for alia, h e A} 

with component-wise addition and multiplication (see [8] or [18, 3.12.2] for more de- 
tails). Here we use the right hand side notation for homomorphisms of left ^-modules, 
whereas for homomorphisms of right modules the usual notation is used. Thus given 
R:j\_ A — >^ A, L : Aa Aa and a & Awe write a i-^ aR and a i->- La. For a multiplier 
w = {R, L) G M.{A) and an element a G .A we set aw = aR and wa = La, so that one 
always has {aw)b = a{wb) (a, b G A). Given a ring isomorphism (p : A —> A' , the map 
M{A) 3 w (j)w4)~^ G M{A!) where (j)w4>~^ = {(p~^ R(j),(j) L(l)~^),w = {R,L), is an 
isomorphism of rings. 

Definition 2.1. A twisted partial action of a group G on A is a triple 

" = {{^gygeG, {oi9}geG, {'t^g,h}{9,h)&GxG), 

where for each g E: G, Vg is a two-sided ideal in A, ag is an isomorphism of rings 
T>g-i — )• Vg, and for each {g, h) G GxG, Wg^h is an invertible element from MiVg-Vgh), 
satisfying the following postulates, for all g, h and t in G : 

(i) Vl=Vg, Vg-Vh=Vh-Vg; 

(ii) Vi = A and cti is the identity map of A; 
(Hi) ag{Vg-i ■ Vh) = Vg ■ Vgh] 

(iv) ag o ah{a) = Wg^hagh{a)w^^f^, Va G P/^-i • V^-ig-i; 

(V) Wl,g=Wg^l = 1; 

(vi) ag{awh,t)wg,ht = Oig{a)wg^hWgh,u Va G Vg-i ■ Vh ■ T>hf 

As it is commented in [9] , it follows from (i) that a finite product of ideals Vg ■ •■ ■ ■ 
is idempotent, and 

agiVg-l ■ Vh ■ Vf) = Vg ■ Vgh ■ Vgf 

for all g,h,fE: G, by (iii). Thus all multipliers in (vi) are applicable. 

We say that a is global ifVg = A for all g & G. Observe that given a twisted global 
action 

P = {13, {Px}x&G, {Ux,y}(x,y)eGxG) 

of a group G on a (non-necessarily unital) ring B, one may restrict /3 to a two-sided 
ideal Aof B such that A has 1^ as follows. Setting V^ = ACi^xiA) = A- PxiA) we see 
that each V^ has 1 which is IaPx{^a)- Then putting ax = Px \v _i, the items (i), (ii). 
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(iii) of Definition 2.1 are satisfied. Furthermore, defining Wx,y = Ux,ylAPxi^A)Pxy{^A) 
we have that (iv), (v) and (vi) are also satisfied, so we indeed have obtained a twisted 
partial action on A. 

Definition 2.2. A twisted global action 

P = {/3g}geG,{%,fc}(g,/i)eGxG) 

of a group G on an associative (non-necessarily unital) ring B is said to he a globali- 
zation (or an enveloping action) for the partial action a of G on A if there exists a 
monomorphism : A^ B such that: 

(i) ^{A) is an ideal in B, 

(iii) ip{Vg) = ip{A) n Pg{^{A)) for any g e G, 

(iv) if o ag = Pg o cp on T^g-i for any g € G, 

(v) (p{awg^h) = ^{a)ug,h, (piwg^ho) = Ug^h^{a) for any g,heG and a G VgVgh. 

If this is the case, we shall say that a is globalizable. 

Our rings wih be always associative, non-necessarily with unity in general. Given a 
unital ring A, we shall denote by U{A) the group of invertible elements of A, whereas 
1a will stand for the unity of A. If /3 is a globalization for a, then B may have no unity 
even when ^ is a ring with 1_4, if, however, B has Ig, then we say that /3 is a unital 
globalization and a is unitally globalizable. The multipliers Wx,y of a twisted partial 
action will be also denoted by w[x,y]. 



3. MORITA EQUIVALENCE 

It was proved in [8] that if a is a (non-twisted) partial action of a group G on a 
unital ring A and /? is a globalization of a with G acting (globally) on B such that B 
has 1b then the partial skew group ring A*a G is Morita equivalent to the (global) 
skew group ring B */3 G. The proof is easily adaptable for the left s-unital 
it was shown in [11]. We recall that a ring A is called left s-unital if for any a & A 
there exists an element e e A such that ea = a. Equivalently, for any finitely many 
ai, . . . ,ak & A there exists an element e G A with ea^ = a,, i = 1, . . . A; (see [11, Lemma 
2.4]). Any left s-unital ring is obviously idempotent, and for them the Morita theory 
of idempotent rings developed in [19] is applicable. We also recall that given a twisted 
partial action a of G on A, the crossed product .4 *q G is the direct sum: 



GLOBALIZATION OF TWISTED PARTIAL ACTIONS 



5 



in which the 6g^s are symbols, and the multiphcation is defined by the rule: 

{ag6g) ■ (bhSh) = ag{a~^{ag)hh)wg^h5gh- 

Here Wg^h acts as a right multiplier on ag{ag^ {ag)hh) G ag{Vg-i ■ Vh) = Vg ■ Vg^. The 
associativity of this construction was established in [9] . 

We point out the next: 

Theorem 3.1. Let a he a glohalizahle twisted partial action of G on a left s-unital 
ring A and let /3 be a globalization of a with G acting globally on B. Then the crossed 
products A*aG and B *p G are Morita equivalent. 

Proof. We observe that the Morita context and the arguments given in [8] with 
the adaptation for the s-unital case in [11] work nicely, and we give only a sketch of 
the proof. 

Since A is left s-unital, so too is B, as a sum of left s-unital ideals (see [11, Remark 
2.5]). By [11, Theorem 3.1] each Vg is left s-unital and consequently, TZ = A*a G 
and TZ' = B *p G arc also left s-unital. We view 7?. as a subring of TZ! . Consider 
M,N CB*i3G given by 



M 



CgUg : Cg € A> aud A'' 



^CgUg : Cg G /3g (^) 



The proofs of Propositions 5.1 and 5.2 of [8] do not use the fact that the ring has 1 and 

work without essential changes in the twisted context. According to these propositions 
M is an 7^-7^' - bimodule and is a 7^'-7^ - bimodule. While checking this, one 
should keep in mind that all ideals l3x{A) (x G G) are idempotent, and therefore, 
u[y, z]l3x{A) = /3x{A)u[y, z] = l3x{A) for any x,y,z G G, as invertible multipliers 
preserve idempotent ideals. 

Next, let r : M^-jii N ^ TZ' and r' : N^nM TZ' be given by T{m®n) = mn and 
r'(n ®m) = nm. Obviously r is an 7^-bimodule map and r' is an 7?.'-bimodule map. 
Similarly as in the proof of Theorem 4.1 of [11] one directly verifies that r(M (8)7^' N) = 
TZ and t\N ®ti M) = TZ' . 

The notion of the Morita context for idempotent rings is the same as for rings with 
1 (sec [19]), thus we have a Morita context {TZ, TZ' , M, N, r, r') with idempotent R and 
R', and surjective r and r', therefore by [19], the rings TZ and TZ' are Morita equivalent. 
□ 



4. Reducing the globalization problem to an extendability property of 

multipliers 

If a is a globalizable twisted partial action of G on a unital ring A, then each T>g 
{g G G) is a unital ring, as (p{T>g) = (p{A) fl l3g{(p{A)). In the non- twisted case the 
converse is true by [8, Theorem 4.5]. In the twisted case, without imposing restrictions 
on A, we are able to show in Theorem 4.1 below that the converse is true provided 
that an extendability property of the partial twisting w is verified (the latter is also a 
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necessary condition) . if each Vg is a unital ring whose unity element is denoted by Ig , 
then Ig is a central idempotent of A such that Vg = IgA, and for every g,h e G the 
ring Vg n Vh = Vg • Vh is unital with unity Iglh- Consequently M{VyVgfi) = VgVgh, 
so that Wg^h is an invertible element of VgVgh for any g,h € G. Moreover, by (iii) of 
Definition 2.1, 

(1) Oigi^g-^W = '^g'^gh, 
for any g,h G G. 

Theorem 4.1. Let a be a twisted partial action of a group G on a unital ring A 
such that each Vg {g £ G) is a unital ring with unity element Ig. Then a admits a 
globalization if and only if for each pair {g,h) £ GxG there exists an invertible element 
Wg^h £U{A), such that {ug^h^g^gh = Wg^h, and 

(2) Oig{Wh,t'^g-i)Wg^ht = ^gWg,hWgh,t, 

for any g,h,t € G. 

Proof. The "only if" part is obvious by taking Wg^h = Ug^h • for any g,h & G. 

For the "if" part let T = T{G,A) be the Cartesian product of the copies of A 

indexed by the elements of G, that is, the ring of all functions from G into A. For 
convenience of notation f(g) will be also written as f\g {f & J^, g & G). 
For g E G and f E J" define (3g{f ) G by the formula: 

(3g{f)\h = Wh~i,gf{g~^h)w~\^g, h£G. 

Obviously / Pg{f) determines an automorphism Pg of J^. Define Ug^h ^ ^(•^) by 
setting 

Ug,h\t = 'i^t-^,gWt-ig,hW'i~}i g^, g,h,te G. 
For arbitrary g,h,t,x E G one has that 

{Pg{uh,t)Ug,ht)\x = 'Wx-\gUh,t\g-ix'W~-l^gUg,ht\x = 

{Wx-^,9 W^-^g,h W^-Hh,t ^~-ig,ht ^^x-^g) (^^"^9 ^x-^g,ht W~^i,ght) = 
Wx-\g W^-ig,h W^-^gh,t W~-i^ght, 

and 

{Ug,hUgh,t)\x = iWx-\gW^-^g,hW^-l,gh) iu'x-\ghW^-^gh,t W^-l ,ght) = 
^x-\g Wx-^g,h W^-^gh,t ^'-i^g^v 

which shows that 

(3giUh,t)Ug,ht = Ug^hUgh,t, 

i.e. u satisfies the 2-cocycle equality (vi) of Definition 2.1. 
Next for any f E F and g,h,x E G we compute 
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Furthermore, 

{Ug,hligh{f)u;j)^)\x = 

{w^-\g W.^-lg,h ^^-l,gh) ^X'^gh f {k-^ 9^^ x) ^g^ {w^-\g W^-^g,h W~-l^gh)~^ = 

and consequently, 

(3) Pg O j3h{f) = Ug^h Pghi f) Ug)i, 

i.e. u satisfies (iv) of Definition 2.1. Since trivially ui^g = Ug^i = 1 for all g € G, we 
have a twisted global action of G on 

For any a e A the element alg belongs to Vg and the formula 

ip{a)\g = ag-i{alg), gEG, 

defines a monomorphism ip : A —?■ J-. 

Let B = '^g:=Q f^gifiA)), (g € G). Our purpose is to show that the restriction of f3 
to 6 is a globalization for a. Denote this restriction by the same symbol /3. We proceed 
by checking property (iv) of Definition 2.2. 

For g,h e G and a G "Pg-i we have 

Pgi'Pia))\h = 'Wh-\g<P{a)\g-ihi"h-\g = ^h-\gOih-^gialg-ih)w~lig = 

Wh-\gOlh-^gialg-lh)'i-h-'^ h-^gWh-\g = Wh-i,gOih-ig{alg-l '^g-^h)Wf^-l^g, 

in view of (1) and the equalities a = alg-i, Wf^-i^gli^-ilf^-ig = wy^-i g. On the other 
hand, 

= = ah-i{ag{a)lglh) = a^-i (Q;p(alg-i Ig-i^)), 

using again (1). Now the equality Pg{ip{a))\h = ip{ag{a))\h follows by (iv) of Defini- 
tion 2.1, and (iv) of Definition 2.2 is proved. 
Next we show that 

(4) ^{Vg) = ^iA)n(3g{ip{A)), 

for all g € G. An element from the right hand side can be written as <f{a) = f3g{^p{h)) 
for some a, 6 G ,4. Then for each h e G the equality (p{a)\h = /3g{ip{b))\h means that 

ah-i{alh) = Wh-i,gah-ig{blg-ih)w~-ig- 

Taking h = 1 this gives a = ag{blg-i) £ Vg, as wi^g = 1, and, consequently, ^{T>g) D 
^p{A) n l3g{ip{A)). For the reverse inclusion, given an arbitrary a G Vg, we see using 
(1) and (iv) of Definition 2.1 that 
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"fe-i °ag{ag^{a)lg-ilg-ih) = ah-i{aag{lg-ilg-ih)) = ah~i{alh) = 9?(a)|h, 

for all g,h & G. This yields that </?(a) = Pg{ip{ag^ (a))) for any g € G, and ^{T>g) C 
^p{A)r\l5g{^p{A)). Hence (4) follows and condition (iii) of Definition 2.2 is also satisfied. 

Next we check that '^{A) is an ideal in B. To see this it is enough to show that 
j3g{(p{a)) ■ ip{b),(p{b) • I3g{ip{a)) G ip{A) for ah G G and a,b e A. For h e G, using 
again (1) and (iv) of Definition 2.1, we have 

Pg{'P{a))\h ■ (p{b)\h = Wh-\g (p{a)\g-ihW~-i g ■ (p{b)\h = 

= Wh'i,gah~ig{alg-ih)w~li^^ ■ ah-i{blh) = ah-i{ag{alg-i)lh) ■ ah-i{blh) = 

= ah~i{ag{alg-i)blh) = ip{ag{alg-i)b)\h. 

Thus f3g{ip(a)) ■ ip{b) = (p{ag{alg-i)b) G (p{A) and similarly (p{b) ■ Pg{ip{a)) = 
ip{bag{alg-i)) G ip{A), as desired. 

We show next that our u satisfies (v) of Definition 2.2. For any g,h,t G G, by (vi) 
of Definition 2.1 we have 

<P{Wg,h)\t = at-l{Wg^hW = Wt-\gWt-lg^hW~\gy^ = 
h--^U-^gh-^ghWt-\gWt-lg^hWt-\gh = {'P{h'^gh)Ug,h)\t, 

which gives 

<P{Wg,h) = ip{lglgh)Ug,h- 

The latter equality readily implies if{aWg^h) = ^{o)ug^h for any a G VgVgh, and the 
second equality in (v) of Definition 2.2 follows similarly. 
It remains to prove that 

(5) Ug^hB = B = BUg^h 

for all g,h e G. 
First observe that 

Ugji f{a) = (f{wg,h a) 
for all g,h & G and a & A. Indeed, for any t € G, using (2), one has 

iug,h<p{a))\t = Wt-\gWt-ig^hW~}i gf^at-i{alt) = at-i{wg^hh) oit-iialt) = (piwg,ha)\t, 
as claimed. It follows that 

(6) Ug^hip{a) e ip{A), 

for all g,h e G. 

It is analogously seen that u~]^(p{a) = (p{Wg\a), so that 

(7) u-)^<p{a) e ^(A), 
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for all g,h G G. 

Next we work with the product fi^^iug^h) vifl) with arbitrary g,h,t E G and a E A. 
Note that in view of (3), 

for any f G T. Consequently, applying (2), we have 

f3t^{ug,h)v{a) = u^}i^^(3t-i{ug^h)ut-i,tf{a) = ^t-^s,'^ V^gh '^(")' 

which is contained in ip{A) by (6) and (7). This yields that (ug^h) ip{A) C <f{A), 
and applying /3t we obtain that 

Ug,hPt{v^iA))C/3ti^{A)), 

for all g,h,t € G. Hence Ug^h B B, and one similarly shows that u~j^ B C. B. An 
analogous argument gives Bug^h, ^'^gh ^ (^) follows. □ 

5. Some remarks on transitive twisted partial actions 

In this section we start our treatment of twisted partial actions on products of 
indecomposable rings by making some preliminary remarks. Let 

(8) ^ = n ^A, 

AeA 

where each TZx is an indecomposable unital ring and A is some non-necessarily finite 
index set. It is directly verified that a decomposition of A into a product of indecom- 
posable factors (blocks of ^ ) is unique up to a permutation of indices. Clearly, each 
ideal of A which is a direct factor, i.e. is generated by an idempotent which is central 
in A, has to be a product of some blocks. Thus, if a twisted partial action a of a group 
G on ^ is given such that each Vg is a unital ring, then for every g EG the ideal Vg 
is a product of some TZ\s. It follows that a permutes the indecomposable factors in 
the sense that il g E G and A G A are such that 1Z\ C Vg-i, then ag{lZ\) = TZy for 
some A' G A. Note also that since each Vg is unital, Wg^h £ U{T^gT^gh) for any g,h E G, 
and hence Wg^hTZx is either or TZx for any A G A, and similarly for 7lxWg,h- We shall 
say that a is transitive if for any A, A' G A there exists g G G such that TZx ^ '^g-^ 
and 0:^(7^^) = ^A'- Fix an arbitrary block from (8) which shall be denoted by TZi. It 
is readily verified that a is transitive if and only if for any A G A there exists g & G 
such that TZi C Vg-i and ag{TZi) = TZx- 

Suppose that a is transitive and set 

H = StG(7^l) = {5 e G : 7^l C Vg-i,ag{ni) = 7^l}, 

the stabilizer of TZi in G, and let A' 3 1 be a left transversal of H in G, i.e. G = 
UgeA' 9^1 ^ disjoint union. One may evidently assume that A 9 1 is a subset of A' so 
that TZi C Vg-i for all 5 G A and (8) can be rewritten as 
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(9) A=l[ng, 

geA 

where TZg = ag{Tli). 

For X € G denote by x the element of A' with xH = xH. Keeping our notation we 
shah use the next easy properties. 

Lemma 5.1. For g,x E G we have: 

(i) geA',TZiCVg-i ^ geA; 

(ii) g, xg e A <^=^ TZg C V^-i, and if this holds then axilZg) = TZ-xg', 

(Hi) g G A', C V^-i ^geA. 

Proof, (i) We only need to see the part, so let TZi C Vg-i for some g G A'. 

Then ag{Tli) must be a block of A, so it equals TZt for some t G A. Hence 

7^l = q;"^ o Q!t(7^l) = w'li g Og-i o at(7^l) Wg-i^g = 



O Q!t(7^l) = Wgl 
'-\3^9-^t"9-l^(^l)%-l,^'^9-^fl = «g-it(^l)- 

Consequently, g~^t 6 H, and g = t G A. 



w _ 
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(ii) Let gj'xg G A. Then TZi C p^— nVg-i, and since ixg)^^xg G H. one has that 
ctx5 o a(j7g^-ixg is applicable to TZi and by Definition 2.1 so too is axg = (^xg-(xg)-^xg- 
Thus TZi C 'D(^xg)-^ ^■iid using again Definition 2.1 we see that TZg = ag{TZi) C 
ag{V(^xg)-^ ^ ^ff-O = ^x-i l~l so that ax is applicable to TZg. Moreover, 



axiJZg) = Wx,gaxg{TZi)Wxl = Wx,gW^, axgOa(xg)-ixgiT^l)Wxg,(xg)-^xgW, 



— '^x,gW—^i^—y^^^axg{TZi)Wxg^[xg)-'^xg'U^xlg ^ T^xg, 

and consequently axiJZg) = TZxg, as ax{TZg) must be a block. 
Conversely, 

7^^; c Vx-1 ^geA,ngC Vx-1 nVg = Vx-^Vy =^ 

7^l = oiy^iTZg) c Og^iVx-iVg) c ^ c n Vg-ix-ixg =^ 

T^l = (^{xg)-^xg (^l) ^ «(ig)-ia:9(^g-la:-l ^ Pg-lj.-!^) C P^^^-i, 

which gives G A. 

(iii) If TZ-^=T^ ^ ^i-i then by (ii) we have that axiTZ-^irr^) = (7^ ^^_i^ ) = TZg, i.e. 
5G A. □ 

Note that taking 5 = 1 in (ii) of Lemma 5.1, we have that 
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(10) 7^l C V^-i Til C V^-i, 

for any x E G. 

Given g £ A, we denote by pr^ : A TZg the projection map; the element pTg{a) 
shall be called the g-entry of a. Using this notation one may write 

= n P'^a^") 

g€A 

for any a & A. We shall work with multiplicative maps 9x ■ A A, x £ G, defined as 
follows: for arbitrary a G ^ let 9x{a) = 1^ if ^ A, and if x~^ G A, 3 T^-i C T>x, 
then 

t prgCtj, (pr^aj, otherwise. 
We shall frequently use the next obvious equality: 

(11) e^ia) = e^iaih) 

for any x e G, a e A and h e H = StaCR-i)- We also need the following properties. 
Lemma 5.2. For any x E G and g E A' we have 

(i) Ix Og-i {alg-ix) = Ix Og-i (a), for all a e A; 

(ii) Ix Og-i o ag-i oaxo a^±_^^(a) = ax{lx-i ^(^)-i(a))' for all 

(X ig) '^x ^ (x ^s) ^ (X ig) '^x 

Proof, (i) Since 9g-i is multiplicative, it is enough to check that l^^j-i i^g-^x) = ^x- 
Ii g ^ A, then ^^-1(1^-12,) = 1_4, and our equality is clearly satisfied. Moreover, 
the equality 0g-i{^g-ix) = also holds if g' G A and TZi C Vg-ix- If 5 G A and 
T^i %i ^g-ii) then the y-entry of Qg-\(\g-\x) is and all other entries are I's. By (10) 
and Lemma 5.1, Hg % Vx, and consequently 13,^3-1(1^-13,) = Ix holds also in this case. 

(ii) Note that D,^^-.^ _i D T>, _^ H T),—^._^ is the set of all a G ^1 for 

\x g) X {X g) [x g ) x g 

which a„-i oa^; oa^l_^ is applicable. Denote by ai the left hand side of the equality 

^ (a: ^g) ^ 

in (ii) and by 02 its right hand side. It is easy to see that if y ^ A or x~^g ^ A, then 
= ^x = 0-2, so suppose that g, x~^g G A. Evidently ai, 02 G Vx and by the definition 
of the 9's, for any t G A with t ^ g and TZt C Vx, we have prj(ai) = l-ji^ = prj(a2). 
Furthermore, by Lemma 5.1, TZg C Vx and 

pTg{ai) = pig{9g-ioag-ioaxOa-±^^^_^{a))=pi:g{axOa-±^^^_^{a)) = 

pTg{ax{lx-i 6'(^)-i(a))) = prg(a2), 

and consequently ai = 02. □ 
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6. Going to an equivalent twisted partial action 

In this section we adapt to the partial and non-commutative context the idea of 
the corestriction from Homological Algebra in order to produce a more manageable 
twisted partial action, equivalent to the initial one. We give the following: 

Definition 6.1. Two twisted partial actions of G on a ring A 

a = {{DxjxeG, {axjxeG, {Wx,y}{x,y)eGxG) 

and 

a = i{T^x}xeG,{ax}xeG,{ui^y}(x,y)eGxG)i 
such that each Vx {x € G) is a unital ring with unity Ix, shall be called equivalent if 
there exists a function 

G3x^exe U{Vx) c A 
such that for all x,y E G and a G 'Dx-^ ""^^ have 

(12) a'^{a) = exax{a)£~^ , 
and 

(13) w'^^y = Ex ax{Eylx-l) Wx,y E~y. 

Observe that in the above definition the twisted partial actions have common do- 
mains V^- It is readily checked that the definition is correct, i.e. our relation is reflec- 
tive, symmetric and transitive. 



Lemma 6.2. Let 

a = {{T>x}xeG, {ax}xeG, {Wx,y}{x,y)eGxG) 

be a twisted partial action of G on A such that each T>x {x E G) is a unital ring with 
unity Ix- Given a function 

G3 x^ Ex e U{Vj.) c A, 
define {x G G) by (12) and w^.y {x,y € G) by (13). Then 

a = {{Dj:}xeG,Wx}xeG,Wx,y}{x,y)eGxG) 

is a twisted partial action of G on A. 

Proof. The items (i), (ii), (iii) and (v) of Definition 2.1 are immediate, and the 
verification of (iv) is straightforward. As to (vi), for arbitrary x,y,z € G wc have 

'^xi^x-'^'^y,z)'^x,yz ~ ^xOix{'^x-'^^y'^y{^ z^y-'^)Wy^z£y^ )e^ ExClx{£yz^x-'^)'^x,yz£xyz 
= exax(lx-l%)(«x O ay{Ezly-l.x-^'^y-^))Wx,yWxy,z£xlzi 

by cancelling the e's, and using the 2-cocycle equality for the tu's and (1). Now com- 
posing ax o ay according to (iv) of Definition 2.1, we easily come to Ixw'^ yw'^y ^, as 
claimed. □ 

In what follows in this section we assume all notation from the previous one, in par- 
ticular, .4 is a product of blocks as in (9), and a is a transitive twisted partial action of 
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G on A. We remind that we shall write the element Wx,y also as w[x,y\, the standard 
notation used in Homological Algebra for 2-cocycles. Since each Vx has unity l^, we 
can rewrite the 2-cocycle equality (vi) from Definition 2.1 as 

(14) ax{lx-iw[y,z\)w[x,yz] = w[x,y]w[xy,z], \/x,y,zeG. 
Set 

(15) w'[x, y] = Ixlxy Yi ^g-^ {M9'^x ' ^"^9, {x~^9)~^ ■ V ■ y~^x-^9])- 

geA 

Since TZi C T>h for any h e H = StG('7^i), and 

w[g-^x ■ x-^g, (x-^g)-^ ■ y ■ y'^x'^g] G W(P^_i^.^P^_i^.^.(^3t^)_i) 

with g~^x ■ x~^g,g~^x ■ y ■ {y~^x~^g)~^ € H, it follows that w'[x,y] is an invertible 
element in DxT^xy for all x,y G G. 

Our goal in this section is the next: 
Proposition 6.3. With the above notation, 

ol = {{1^x}xeG,Wx}xeG,Wx,y}{x,y)eGxG) 

is a transitive twisted partial action of G on A with 

(16) w[x,y] = ax{eylx-i)exw'[x,y]£~y , \/x,y G G, 
where a^(a) = £x^ax{a)£x and 

£x = lxJ{eg-Aw[g-^,x]w[g-^x-^g, {^g)'^]-^) eU{Vx), 

for all x E G and a G 1*^-1. In particular, a and a' are equivalent. 
Proof. First note that by Lemma 5.1 and (10), 

7^5 C 2?^ ^ 7^l C Vg-ix, 

and since 

w[g-\x] G U{Vg-,Vg-,x), w[g-^x-^g, {^g)'^] G C/(^?^-i^.^ Vg-.^) 

and g~^x ■ x~^g G H, it follows that £x is an invertible element in Vx- Thus by 
Lemma 6.2, a' is a twisted partial action, and it is clearly transitive, so it remains 
to concentrate on proving (16). We have 



geA 
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for any x,y G G by the definition of Og-i- Applying the 2-cocycle equahty (14) for the 
triple {g~^,x,y), and using (11), we obtain 

w[x,y] = \^\^y JJ Qg-i{w\g-^ ,x\w\g-^x,y\ Ig-i^.^ ^g-^x-y y-^x-^g 

as g~^x ■ x~^g^g~^x ■ y ■ y'~^x~^g G H. Next, equality (14) used for the triples 

{g'''^x ■ x-^g, {x-^g)~^,y) and {g~^x-x-^g, (x-^g)'^ ■ y ■ y-^x-^g, (y-^x-^gy^) 
respectively gives 

w[g~^x, y] Ig-i^.-^ = w[g~^x ■ x-'^g, {x~^ g)~^]~'^ ■ 

'^g-^x^g (^[(^"'5)"', w[g-^x ■ x-^g, (x-^g)-^ ■ y], 

and 

w[g-^x ■ x-^g, {x-^g)-^ ■ y] Vi^^.^=t^ = 
^g-^x.^g • y ■ y-^x-^g, {y-^x-^gy^] 

■ w[g~^x ■ x-^g, {x-^gy^ ■ y ■ y'^x-'^g] w[g~'^xy ■ y-'^x'^g, {y-^x~^gy^]. 
Making consecutive replacements in our expression of w[x,y], we come to 
w[x, y] = ( JJ 9g-i o a^-i^.^ (a ^^—g^i.^-ig)) w'[x, yje^y, 

geA 

where 

" = V^^-^ {wiix-^gy^^yiHix-^gy^ • y ■ y'^x-^g, (y'^x-^gy^y^ 

^ix~^g)~^-x-^g^ ^ ■^(x-ig)-! '^ix-^g)-^-y '^(x'^g)-^ -y-y-^x'^g^ 

SO that it remains to show that 

(17) l^y JJ Qg-i o a^-i^.^ (a 1(— T^)-i.^-ig) = a^{ey\^-x)e^, 

geA 

for any ,t, y G G. 

It will be convenient to take in the above equality g running over A'; it does not 
cause any harm by the definition of ^^-i- Since a lies in 'D^^rr-gyi we may write 

SO that when using this to the left hand side of (17) and composing a _^ o 

a,—^T-s_, , we obtain that 
{x ^g) ^' 

IxySx n ^9-^ ° (^g-^x^g^f^^i^gy^.x-^g) = ^^^^V 11 dg-i{w[g-^ ,x\ag-i^O 
geA' geA' 

{a'^^^g)-u^-ig)w[g-^x ■ x-^g, (x-^gyY^), 
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since a"-!-,-, , (a l.^i— . , _i ) G V V^-i^. Next, putting x = 1 in (i) of Lemma 5.2 

(a;-ig)-i ^ 9) ^-x ^g' x '^g 9 x ^ f & \ j 

and using (1), we have that the left hand side of (17) equals 
Ixlxy n ^9-^iM9~\x]ag-i^{l^-ia-±^^^_^ 

geA' 

w[g~'^x ■ x-^g, {x-^g)~^]~^) = 

Ixy n («l(^)-i.a:-is)))^^ = 

geA' 

The latter, using both items of Lemma 5.2, equals 
geA' 

as x~^g runs over A'. □ 

7. Existence of a globalization 

In this section we prove the existence of globalizations of partial actions on rings 
which are products of blocks. According to Theorem 4.1, it is enough to construct 
■wj[x,y] = Wx^y G U{A) which satisfy the extended partial 2-cocycle equality (2). For 
this purpose, keeping the notation of the previous sections, define for every x & G the 
map Ox '■ A A, hy 

oixia) = a^ialx-i) + 1^ - Ix, 

with a E A, and set 

(18) w[x,y] = aa:{iy)ea:w'[x,y]ixy~^ G U{A), 

where 

£x = £x + 'i-A - 'i-x & ^{A), 

and 

w'[x,y] = JJ eg-i{w[g~'^x ■ x'^g, {x'^g)'^ ■ y ■ y-^x'^g]) G U{A), 

geA' 

with x,y E G. We have by (1) that IxlxyOtxi^y) = (^xO-x-^^y^y) — ^xi^x-^^y) ^'^d 
consequently 

lxlxyiS[x,y] = w[x,y], 

for all x,y e G. 



We shall use the following composition law and 2-cocycle equality: 
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Lemma 7.1. For every x,y,z £ G and a £ A we have 

(19) ax{l^-iay{a)) = lxw[x,y]axy{a)w[x,y]~'^. 
and 

(20) e~'^ax{lx-iw'[y,z])exw'[x,yz] = lxw'[x,y]w'[xy, z]. 

Proof. Notice first that multiplying the left hand side of (19) by Ixy gives 

«x(lx-il2/Q;!/(«)) = ax{ay{aly-ix-ily-i)) = w[x,y]~'^axy{aly-ix-i)~^w[x,y]~'^ = 
y]axy{a)w[x,y] , 

which is the right hand side multipHed by Ixy On the other hand, it is directly checked 
that both sides multiphed by 1^ — Ixy equal 1^(1^ — ^xy), which proves (19). 

To prove (20), we first observe using (11), (i) of Lemma 5.2 and the obvious equality 
hh = hh, {hM e G), that 

ax{lx-^w'[y,z]) = ]\ «a.(Vi^(^)-i(l(;^)-i.^-il(;^)-il(^)-i^-ig«)), 
seA' 

where 

a = wKx-^g)"^ ■ y ■ y-'^x^^g, {y-^x-^g)~'^ ■ z ■ z-'^y-'^x~^g], 

taking into account that x~^g runs over A' when so too does g with fixed x & G. Next, 
by (ii) of Lemma 5.2, (1) and the composition law (iv) of Definition 2.1, we obtain 

^x^ax{lx--^'w'[y,z])sx = 

e-\ll l^^g-i oa^-i oa^oo;-^^_^(l(^)_i.^_il(^)_il(^)_i^_i^a))£^ = 
geA' 

seA' 

«("^)_i(l(^)-i.^-il(^)-il(^)-i^-iga)u;[5-ix-x-i5, (x-i^)-!]-!) = 
Ix n dg-^Hg-^x-x-^g, (a:-iff)~']a3-i,.^.(^)-iO 

geA' 

a("^)_i(l(^)-il(^)-i^-i5a)^'^[5"'a;-x-i5, {x-^g)-^^) = 

Ix n ^g-'('^9-^x—g(^(—g)-^x-^g''))- 

geA' 

Now, 9g-i{b) = Og-i{pvib) {b G .4), by the definition of Og-i, and therefore, 
£x^axilx-^w'[y,z])£xw'[x,yz] = 

1^ n Vi(P^i(Via;-^^ {pT^a)w[g~'^x ■ (x-ip)-^ • yz ■ (z-iy-ix-iy)"^])), 

geA' 
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because g x ■ x~^g G H and TZi C '^(T;p^yi.^-ig- Finally, the automorphisms pr^ o 
ah o pTi, h E H of TZi and the twisting ])Ti{w[h,h']), h e H form a twisted global 
action of H onTZi, and using the (global) 2-cocycle equality for the triple 

{g'^x ■ x-^g, ix-^g)~^ ■ y ■ y-'^x-^g, {y-^x-^g)~^ ■ z ■ z^^y-^x-^g), 
in which each entry belongs to H, we conclude that 

£x^Oix{l^-iw'[y, z])£j:w'[x,yz] = 

1^ n Vi(P''i(^[f~^^ ■ ^'^9, (x'^g)"^ ■ y ■ V'^x-^g] 

■ w[g~'^x ■ y ■ y-^x-^g, {y-^x-^g)~^ ■ z ■ z-^y-^x-^g])) = lxw'[x,y] w'[xy, z], 
as desired. □ 

Now we state the following: 

Theorem 7.2. Let A be a unital ring which is a (non-necessarily finite) product of 
indecomposable rings. A twisted partial action 

a = i{1^x}x&G, {ax}x&G, {w[x, y]}(x,y)eGxG)i 
of a group G on A is globalizable exactly when each T>x {x E G) is a unital ring. 

Proof. It was observed already that the existence of a globalization implies that 
each Vx,x e G is unital. For the converse let Ix be the unity of and assume first 
that a is transitive. Keeping the above notation we show that the w[x,yys defined in 
(18) satisfy 

(21) ax{iS[y,z]lx-i)iv[x,yz] = lxw[x,y]w[xy,z], 

for any x,y, z E G. 

The left hand side of (21) equals 

ax{lx-^oiy{£z)£yw'[y, z]) ax{lx-ieyz~^)lxax{eyz) Sx w'[x, yz]exyz~^ = 

ax{lx-^oiy{ez)ey) Sx ex~^ax{lx-iw'[y-, z\) Ex w'\x, yz\Exyz~^ = 

«x(lx-i%(^z)) "x(lx-i%) w'\x, y\ w'\xy, z]sxyz~^, 

by using the definitions of ax and £x, and the equality (20). Now, applying (19) and 
expanding w[x,y]~^ according to (18), we come to 

w[x, y] axyiiz) w[x, y]"^a^(l^-i£2^) Sx w'[x, y] w'[xy, z]ixyz~^ = 

w[x,y] ocxyiiz) y] ^^x ^otx{£y) ^lxOix{^x-^^y)^xw'[x,y\w'[xy,z\exyz ^, 

which, after making the cancellations, gives 

lxw[x,y\ axyiiz) ExyW [xy, z\£ 

xyz — 

w[x,y\w[xy,z\, 

which is the right hand side of (21), as desired. 
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Finally, for a non-transitive a we partition the blocks of A into orbits, so that the 
construction of the w^s and the verification of (21), is obviously reduced to the transi- 
tive case. Our result follows now from Theorem 4.1. □ 



8. Uniqueness 

In this section we extend Definition 6.1 permitting G to act on distinct rings, and 
prove that any two globalizations of a twisted partial action of a group G are equivalent, 
provided that the rings arc products of blocks. 

Definition 8.1. Let Ai and A2 be rings. We say that a twisted partial action 

"1 = {{1^i^^}xeG, {ai,x}xeG, {wi[x,y]}(^x,y}GGxG) 
of G on Ai is isomorphic to the twisted partial action 

«2 = {{1^P}xeG, W2,x}x€G, {w2[x,y]}(x,y)eGxG) 

of G on A2 if there exist a ring isomorphism (p : Ai ^ A2 such that 

(22) </>(pW) = p(2) VxgG, 

— 1 (2) 

(j) o ai^x ofp (a) = "2,0; (o) eG,ae P^.^, 

and 

(23) (p^^y wi [x, y] (p^^y = w2[x,y] Mx.y ^G 

as multipliers ofV^^V^xy where (f)x,y stands for the restriction of (j) to V^^V^y . Two 
globalizations 

Pi = {Bi,{Pi,x}x€G,{u\[x,y\}(x,y)eGxG) 

and 

h = {B2,{h,x)xeG,{Mx^y]}{,x,y)eGxG) 

of a partial action 

01 = i{T^x}xeG, Wx}xeG, {w[x,y]}{g,h)€GxG) 
of G on A with embeddings (pi : A ^ Bi and ip2 ■ A ^ B2 shall be called isomorphic 
if the actions Pi and P2 o,i~e isomorphic with the ring isomorphism (j) : Bi B2, and 

(j)0(pi = ip2. 

We proceed with the next: 
Lemma 8.2. Let 

« = ({^xjxGG, {"xlxeG, {w[x, y\}{g,h)&GxG) 
be a twisted partial action of G on a unital ring A and 

Pi = {Bu{Pl,x}xeG,bj'l[X:y\}{x,y)eGxG), 
P2 = {B2,{l^2,x]x£G,{u2[x,y]}{x,y)&GxG) 

be globalizations of a with embeddings ipi : A—^ Bi and ip2 '■ A ^ B2- Lf 

(24) ipl^{ui[x,y\ipi{lA)) = (p2~^{u2[x,y]<P2{'i-A)) ^x,y G G, 
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then Pi and /32 are isomorphic. 

Proof. Write w[x,y\ = x,y G G. By (ii) of Definition 2.2, 

-^1 = SxeG'^i,a:(<^i(-^)) ^'^d -^2 = Z^ccgG ^2,a;(</?2(^)), and we claim that the map 
(p : Bi ^ B2 additively determined by /3i,j;((^i(a)) /52,a;(<^2(ci)), a G .4, is well 
defined. For suppose that 

^(ii,xi{^i{ai)) = 0, 

i 

and we want to be sure that Yli f^'2,Xi{'^2{0'i)) = 0. 

For aU 2/ G G and a G ^ we have Z^j /3i,a;i(¥'i(ai))/3i,2/(<y?i(a)) = and applying 
we obtain 

i 

^y'i[y-'^,y]-^Pi^y-i o Pi^^.{(pi{ai))ui[y''^,y]ipi{a) = 

i 

Xl"i[2/~^2^]~^^it2/~^^»]'^i,2/-ia;i(</'i(oi))«ib~S^i]~"^«i[y~S2/]'y^i(a) = 

i 
i 

since by (iii) of Definition 2.2, Pi^y-i^.{ipi{ai))ipi{ly-i^.)ui[y~^ ,Xi\~^ui[y~'^ ,y]ipi{a) is 
contained in 

f3l,y-^x,{fl{-^))fl{-^) = VliT^y-^Xi) = V'lM)</'l(ly-ixJ- 

Next in view of ipi{ly-i^.) = ipi{ay-i^.{l^-iy)) = Pi,y-ixi{fi{'^x-^y)) ^^^^^ ^hat the 
above sum equals 

Xl^l[y~^y]~^"l[y~^^^]/^l,y-la;i(</^l(«^la:-l2/))"lb~^^^]~^^l[y~^y]'^l(«) = 
i 

Yipi{w[y~'^,y]~^w[y~^,Xi]ay-i^.{ail^-iy)^y~'^,Xi]^^ 

i 

which implies 

(25) ^u;[y"\y]"^u;[y"\xj]aj^-i^.(ail^-i^)tl;[y"\xi]"^u;[y"\y]a = 0, 

i 

as is a monomorphism. Applying ip2, we obtain by a symmetric calculation that 

Y I32,xi{^2{ai))f32,yi<f2ia)) = 
i 

for all y G G and a G It follows that /52,Xi(V2(aj))'^2 = 0. Now B2 is a sum of 
unital rings and therefore by Remark 2.5 of [11] it is right s-unital, i.e. for every b £ B2 
there exists an element e G such that b = be. Consequently, J2i f^'2,Xi{'P2{ai)) = 0, 
as claimed. 

In a similar fashion, /32, 2: (952(0)) ^ /5i.x(v'i (o)), .x G G, a G ^ also determines a 
well-defined map cp' : B2 ^ Bi and obviously, cp' o cp = (p o cp' = 1. Consequently, is a 
bijection with inverse (p'. 
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Observe now that when proving (25) we have estabhshed that for all x, G G, a, 6 G A, 

P^^l o I3i^^{(pi{a))(pi{b) = fi{c) 

with 

and similarly with P2,x and (p2- This yields that (p maps /Si^xi'-fiiO')) ' l^i.yi'-Piib)) = 
/3i,3/(/3ri ° A,x(V'i(a))95i(fe)) = /5i,y(v?i(c)) to /32,y{(pi{c)) = /32,x{^2{a)) ■ P2,y{^2{b)), so 
that (p preserves multiplication. Since addition is obviously also preserved, ^ is a ring 
isomorphism. 

It is immediately seen that for all x G G one has /32,x otj) = (j)o (3i^^ and (poipi = Lp2. 
It remains to check that (p respects the twistings, i.e. the global version of (23). For 
taking arbitrary x,y, z G and a G we have 

/3i,z{ui[z'^ , z]'^ Pi^^-i{ui[x,y])ui[z~^ , z]ipi{a)) = 

/3i^ziui[z~^,z]'^ui[z'^,x]ui[z~'^x,y]ui[z~'^,xy]~'^ui[z~'^,z]ipi(a)) = Pi^zi^iid)), 
with 

d = w[z~^ , z]~^ w[z~^ , x]'w[z~^ X , y]w[z~^ , xy]~^w[z~^ , z]a, 
by the global 2-cocycle equality and (24) . Consequently (p maps 

ui[x,y]Pi,z{^i{a)) = Pi^z{^i{d)) H-). P2,z{^i{d)) = U2[x,y]l32,z{^2{a)), 

by a similar calculation. It follows that (p{ui[x,y]b) = U2[x,y](p{b) for all x,y E G and 
b E Bi. Analogously, (f){bui[x,y]) = (p{b)v,2[x,y] and thus 

(pui[x,y] (p"'^ = U2[x,y], 

for all x,y E G, which is the global version of (23). □ 

If ^ is a product of blocks, then we are able to show that any two unital globalizations 

of a partial action a of G on ^ are equivalent in a certain sense, specified below. For 
this purpose we will show first that if /3 is globalization for a with B being the ring 
under the global action, then B is also a product of blocks, provided that B has Is- We 
first give the details for the transitive case in Lemma 8.3 below because of simplicity 
of the notation; the general case is obtained similarly which we do in Proposition 8.4. 

Observe next that if „4 is a two-sided ideal in a (non-necessarily unital) ring B and 
A has 1^ then 1_4 is central in B and A = 61^. Moreover, is a direct summand 
of B, for the complement of ^ in S is the annihilator of 1^ in B. It follows that each 
direct summand of ^ is a direct summand of B. 

Lemma 8.3. Let A be a unital ring which is a (finite or infinite) product of indecom- 
posable rings and let 

a = {{T^x}xeGi {ax}xeG, {w[x, y]}(x,y)eGxG) 

a transitive twisted partial action of G on A (in particular, each V^, x € G, is a unital 
ring). Let H, A and A! be as in Section 5, and let 

P = {B, {PxjxeG, {u[x, y]}{x,y)eGxG) 
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be a globalization of a, with the embedding if : A ^ B. Setting TZg = f5g{(p{TZi)), g € A', 
the following holds: 

(i) P^OZ,) = PyiTZi) ^ x-^yeH. 

(ii) Px{T^g) = T^xg for each 5 G A' and x E G. 

(Hi) There is an embedding 

geA' 

which forms commutative triangles with the projections B' — >■ TZg and B — >■ TZg for each 
geA'. 

(iv) B has Ig if and only if ip is an isomorphism. In this case /3 is transitive. 

(v) If a is unitally globalizable, then any globalization of a is unital. 

Proof. Assume for simplicity of notation that ^ C so that we can write TZg = 
f5g{TZi), with g G A'. We have that each block of ^ is a direct factor of B, and for each 
geA' the ring TZg is an indecomposable direct factor of B, which lies in A exactly 
when geA. Evidently TZg / TZg' =^ TZg Ci TZg' = {g,g' e A'). We readily have that 

H = {xeG: /3,(7^l) = TZi}. 

Next, an invertible multiplier preserves an idempotent ideal, so that 

u[x,y]/3,iTZi) = l3,{TZi)u[x,y] = /3^(7^l), 

for arbitrary x,y,z e G. In particular, each Rg [g e A') is preserved by the u[a:;,y]'s. 
Now, for x,y e G we have 

Px{TZi) = Py{TZi) ^ TZi = p-^oPx{TZi), 

and the latter equals 

u[y-\y]-^Py-ioPx{TZi)u[y-\y] = 

u[y~^,y]~^ u[y~^,x]Py-ix{TZi) x]"^ y] = Py-^xiT^i), 

which gives (i). 
Next observe that 

PxO^i) = u[x,x~^x]~^l3xO l3^-ij.(TZi)u[x,x~^x] = TZx, 

as x^^x e H. Therefore, 

Px{TZg) = u[x,g]l3xg{TZi)u[x,g]~^ = TZxg, 

with x e G,g e A', proving (ii). 
It follows from (ii) that 

(5xiA) = llTZxgCB, 

geA 
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for any x € G. Consider the direct product B' = IlgGA' ^g- universal property of 

the product there is a unique homomorphism : B B' giving commutative triangles 
with the projections B' TZg and B TZg for each g £ A'. Since B = X^-rgc /3x (^) > 
an arbitrary b & B can be written as 6 = Pxi (ai) + ■ ■ ■ + Pxs {(^s) for some xi, . . . Xg & G 
and ai, ... ,as E A. It is easy to see that one can choose the elements ai, . . . ,as E A 
so that if pTg{Pxi{0'i)) for some i and g E A' then prg(5^j^j /^xj (%)) = 0, where 
pr^ denotes the projection B —?■ TZg. It follows that '0 is injective, proving (iii). 

Now observe that B has Ig exactly when there are finitely many xi, . . . Xs in G such 
that B = ^l3xi {A) . Consequently, there exists a partition 

(26) A' = Ai U A2 U . . . U As 
into disjoint subsets such that 

(27) n ^fl^'^^i(-^)'^=i'---'^' 

seAj 

and 

(28) B = {\[ng)®...®{\[ng)^\[ng. 

This proves (iv). 
Finally, if 

(29) {xlg:geA,i = l,...s} = h', 

for some xi,...Xs G G then one can obtain a partition (26) with (27) so that (28) 
holds. Thus B has exactly when (29) is verified. The latter condition, however, 
depends only on A, G and a, and this proves (v). □ 

Now we pass to the non-necessarily transitive case. Suppose that v4 is a (finite or 
infinite) product of blocks: 

(30) ^ = 7^A, 

AeA 

i.e. each TZ\ is an indecomposable unital ring, and let 

a = ({I^xIxeG, {a^lxeG, {w[x, y]}(x,y)(iGxG) 

be a twisted partial action of G on ^ such that each Vx {x G G) is unital. If a is 
non-necessarily transitive, then for a given block TZx its orhit is defined by o\ = {TZ\i : 
■^g G G, TZ\ C Vg-i , ag{TZx) = TZy}. These are the block-orbits of A with respect to a. 
Thus we partition the blocks into a disjoint union of block-orbits, and let T C A be 
such that {TZfj, : G T} is a complete set of representatives of the block-orbits. For 
any ^ put = YlTZx where TZx runs over o^. Then evidently 

A=llO,. 
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The ring will be called the orbit ideal corresponding to /x. Clearly a restricts to a 
transitive twisted partial action of G on each orbit ideal. 

Proposition 8.4. Let A be a unital ring which is a (finite or infinite) product of in- 
decomposable rings and let a be a unitally globalizable partial action of G on A- If (5 
is an arbitrary globalization of a with G acting (globally) on B, then 

(i) B has Ijs and B is a product of blocks; 

(a) Each block- orbit of B contains exactly one block orbit of A and this establishes a 
one-to-one correspondence between the block-orbits of B and those of A; 

(Hi) The restriction of (3 to an orbit ideal of B form a globalization for a restricted to 
the corresponding orbit ideal of A. 

Proof. Write A as in (30) and assume the notation introduced above with respect 
to the orbits. Assume also for simplicity that A Q B. Given /i € T, we have a tran- 
sitive twisted partial action of G on by means of a, and let TZ^, H{iJ,), A{fi), A' (n) 
correspond to TZi,H,A and A', respectively, in the notation of Lemma 8.3. Similarly 
as in the transitive case we have an embedding 

(31) i^ .B^n n 

where 7^^,g = /3g(7^^). Set O'^ = ExeG^xiO,,) C B. Clearly, if n' eT,fi' ^ /x, then 
TZ^'^g n O'^ = for any g G A(/i'), in particular, is the unique orbit ideal of A 
contained in O'^. It is easily verified that (3 restricts to O'^ giving a globalization for a 
restricted to O^. Thus (iii) will follow from (i) and (ii) provided that the map O'^ 
will give the announced correspondence. 

Since a is unitally globalizable, we obtain as in Lemma 8.3 that there exist finitely 
many elements xi,X2, ■ ■ ■ ,Xs G G such that 

(32) {xJg:geA{n),i = l,...s} = A'{i^), 

for all /X G T. On the other hand, if (32) holds, then we see as in Lemma 8.3 that tp 
is an isomorphism, and in particular, B has Ig. Again (32) depends only on A,G and 
a, so that any globalization of a is unital. This proves (i). For (ii) it only remains to 
note that the O^'s (// G T) are the orbit ideals of B with O'^^ = ngeA'(/x) ^^■,9- ^ 

Before stating our main result on uniqueness, we give two more definitions. 

Definition 8.5. Let 

«1 = {{'^x''}xeG, {(^l,x}xeG, {'(^l[x,y]}{x,y)eGxG) 
be a twisted partial action of G on a ring Ai and 

«2 = {{T^^^}xeG, {a2,x}xeG, {i^'2[x,y]}{x,y)eGxG) 
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a twisted partial action of G on a ring A2 such that all vi^\v^^^ {x € G) are unital 
rings. We say that ai is equivalent to 0.2 if a\ is isomorphic to a twisted partial action 
of G on A2 which is equivalent to 0.2 in the sense of Definition 6.1. 

The definition means that there exist a ring isomorphism ^ : Ai ^ A2 and a function 

G3x^ea: eU{V^^^) CA2 

such that (22) holds, 

(33) (p ai^x <P~^ {a) = £x a2,x{a) , \/x eG,a€ vf}^, 
and 

(34) (l){wi[x,y]) = £xa2,x{sy'i-x-'^)w2[x,y]£~y, yx,y e G. 

Observe that in this ease the wi[x,yys are invertible elements in 'D^^TD^y, and 
(px,y'Wi[x,y](p~^ used in (23) becomes (f){wi[x,y]). 

Definition 8.6. Two unital globalizations 

Pi = iBi,{l3i^x}xGG,{Mx^y]}{x,y)eGxG) 

and 

h = {B2,{l^2,x)x£G,{Mx,y]}{x,y)(^GxG) 

of a partial action 

a = {{Dx}xeG, {oix}x<^G, {w[x, y]}(g^h)eGxG) 

of G on A with embeddings ifi : A ^ Bi and ip2 : A^ B2 shall be called equivalent if 
Pi is equivalent to P2 in the sense of Definition 8. 5 and, moreover, 

(f>0(pi = (p2, 

where (p : Bi ^ B2 is the involved ring isomorphism. 

Theorem 8.7. Let A be a ring with 1^ which is a (finite or infinite) product of 
indecomposable rings and let 

a = ({^xjxeG, {ax}x&G, {w[x, y]}(x,y)eGxG) 

be a unitally globalizable twisted partial action of G on A. Then any two globalizations 
of a are equivalent. 

Proof. Let 

Pi = {Bl, {Pl,x}xeG, {ui[x,y]}(x,y)eGxG) 

and 

P2 = {B2,{(^2,x}xeG,{Mx^y]}{x,y)eGxG) 
be arbitrary globalizations of a with embeddings (pi : A ^ Bi, (p2 : A —t- B2- By (i) of 
Proposition 8.4, Bi and B2 are unital rings which are products of blocks. Then clearly 
each Bi {i = 1, 2) is the product of the block-orbits, and (ii) and (iii) of Proposition 8.4 
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permit to reduce our proof to the case in which a is transitive. Then by Lemma 8.3, 
j3i and /32 are also transitive. By the global case of Proposition 6.3, Pi is equivalent to 

Pi = {Bl,{l^l,x}xeG,Wi[x,y]}(x,y)eGxG) 

and 

P2 = {S2,{P'2,x}xeG,W2[x,y]}{x,y)eGxG) 

is equivalent to ^2, where 
geA' 

Pi,x{a) = V7,xPi,xi"'H,x, 
r}i,x = n ^g-i ° Pr¥'i(7^i)('"i[5~Sa;] Ui[g~'^x ■ x'^g, (x-^c/)"^]"^) G U{Bi), 

with x,y £ G, a & Bi, and pr(^.(7^^) denoting the projection Bi — ipi{TZi), i = 1,2. 
Now, let a' be the twisted partial action equivalent to a given by Proposition 6.3. By 
the definition of H, for any hi,h2 G H we have that 

Pr<^i(7ei)«i[^l'^2] = (pi{pT-j^^w[hi,h2]), 
and since g~^x ■ x~^g, {x~^g)~^ • y • y^^x^^g G H, it follows that 
(35) u'^x,y](pi{lA) = ipi{w'[x,y]) 

and consequently 

Ui[x,y]ipiilxlxy) = ^iiw'ix^y]), 

with arbitrary x,y E G. 

Next, by (ii) of Lemma 5.1 and (10), for geA' and x e G one has 

Thus if TlgQVx, then 
and 

^1 C ^^g-i^.^^g-ix 3 w[g~^x ■ x-^g, {x-^g)~^], 

so that 

P^iPi{ni)u[g'^,x] = fi{pTT^^w[g~^,x]), 

and 

P'^'Pi{Tli)'^[9~^x ■ x~'^g, ix^^g)~^] = ipi{pTT^^w[g~^x ■ x-^g, {x-'^g)~^]). 
This yields that 

Vhx'Pii^x'i-xy) = <Pi{£x), 

for any x E G. Consequently, 

for any a G I'^-i, and we conclude that each /3'^ (z = 1, 2) is a globalization of a'. 
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Next, (35) means that (24) of Lemma 8.2 is verified, and, consequently, and are 
isomorphic globahzations of ol . It follows that /3i and ^2 are equivalent globalizations 
of a. □ 
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